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Abstract 

We study a g— analog of a singularly perturbed Cauchy problem with irregular singularity 
in the complex domain which generalizes a previous result by S. Malek in jllj . First, we con- 
struct solutions defined in open (7— spirals to the origin. By means of a g— Gevrey version of 
Malgrange-Sibuya theorem we show the existence of a formal power series in the perturbation 
parameter which turns out to be the g— Gevrey asymptotic expansion (of certain type) of the 
actual solutions. 
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1 Introduction 

We study a family of g-difference-differential equations of the following form 

5-1 



(1) etd^X{e,qt,z)+d^X{e,t,z) = J^hie, z){tagr^'^d^,X){e,t, zq 



mi fc ^ 
k=0 



where g G C such that |g| > 1, mo^fcj^-i.fe &re positive integers, bi^{e,z) are polynomials in 
z with holomorphic coefficients in e on some neighborhood of in C and aq is the dilation 
operator given by {aqX){e,t, z) = X{e,qt,z). As in previous works [12], [13], [9], the map 
{t,z) 1-^ [q^^'^t, zq~"^^'^) is assumed to be a volume shrinking map, meaning that the modulus 
of the Jacobian determinant |g|™-o,fc-™i,fe ^ggg than 1, for every < A; < S — 1. 

In |TTj, the second author studies a similar singularly perturbed Gauchy problem. In this 
previous work, the polynomial bk{e,z) := X]sg4 ^ks{^)z^ is such that, for all < A; < 5 — 1, Ik 
is a finite subset of N = {0, 1, ...} and h^si'^) are bounded holomorphic functions on some disc 
D(0,ro) in C which verify that the origin is a zero of order at least mo,fc. The main point on 
these flatness conditions on the coefficients in bk{e,z) is that the method used by M. Ganalis- 
Durand, J. Mozo-Fernandez and R. Schafke in |3j could be adapted so that the initial singularly 
perturbed problem turns into an auxiliar regularly perturbed difference— differential equation 
with an irregular singularity at t = 0, preserving holomorphic coefficients bks (we refer to |11) 
for the details). These constricting conditions on the flatness of 6fc(e, z) is now omitted, so that 
previous result is generalized. In the present work we will not only make use of the procedure 
considered in [3] but also of the methodology followed in [13] . In that work, the second author 
considers a family of singularly perturbed nonlinear partial differential equations such that the 
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coefficients appearing possess poles with respect to e at the origin after the change of variable 
t^t/e. This scenary fits our problem. 

In both, the present work and [13], the procedure for locating actual solutions relies on the 
research of certain appropriate Banach spaces. The ones appearing here may be regarded as 
g— analogs of the ones in [13] . 

In order to fix ideas we first settle a brief summary of the procedure followed. We consider 
a finite family of discrete g— spirals {Ujq~^)j^x in such a way that it provides a good covering 
at (Definition El). 

We depart from a finite family, with indices belonging to a set X, of perturbed Cauchy 
problems ([33|) + ([M|) . Let I G Z be fixed. Firstly, by means of a non-discrete g— analog of 
Laplace transform introduced by C. Zhang in [2T] (for details on classical Laplace transform we 
refer to [I], [5]), we are able to transform our initial problem into auxiliary equation ([9]) (or (j2ip ). 

The transformed problem fits into certain Cauchy auxiliar problem such as (f^+ pup which 
is considered in Section [2j Here, its solution is found in the space of formal power series in 
z with coefficients belonging to the space of holomorphic functions defined in the product of 
discrete g— spirals to the origin in the variable e (this domain corresponds to Uiq~^ in the 
auxiliar transformed problem) times a continuous g— spiral to infinity in the variable r {Viq^+ 
for the auxiliar equation). Moreover, for any fixed e and regarding our auxiliar equation, one 
can deduce that the coefficients, as functions in the variable r, belong to the Banach space of 
holomorphic functions in Viq^+ subjected to g— Gevrey bounds 



|W/(e,r)| < Ci/3!i?^e*^'°s'l"/^l 



C/3 



for positive constants Ci, C, M, H, A\ > 0, where the index of the coefficient considered is /? (see 
Theorem [1]) . 

Also, the transformed problem fits into the auxiliar problem (|2i p -l- (|22p . studied in details 
in Section [3j In this case, the solution is found in the space of formal power series in z with 
coefficients belonging to the space of holomorphic functions defined in the product of a punctured 
disc at in the variable e times a punctured disc at the origin in r. For a fixed e, the coefficients 
belong to the Banach space of holomorphic functions in 15(0, po) \ {0} such that 

|VF/(e,T)| < Ci/3!/7V^i°^5^l"/^l|er^''|(?|-^i^', r G Z)(0, po) \ {0} 

for positive constants Ci,C,M,H,Ai > when (3 is the coefficient considered (see Theorem [2]). 

From these results, we get a sequence (Wj|)/3gN consisting of holomorphic functions in the 
variable r so that g— Laplace transform can be applied to its elements. In addition, the function 



(2) X,(e,t,z):= J]4\T^/(e,6f ^' 

/3>0 





/3T 



turns out to be a holomorphic function defined in Ujq^^ x 7" x C which is a solution of the 
initial problem. Here, T is an adequate open half g— spiral to and A/ corresponds to certain 
g— directions for the g— Laplace transform (see Proposition [1]). The way to proceed is also 
followed by the authors in [6j and [7] when studying asymptotic properties of analytic solutions 
of g— difference equations with irregular singularities. 

It is worth pointing out that the choice of a continuous summation procedure unlike the 
discrete one in [11] is due to the requirement of Cauchy's theorem on the way. 
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At this point we own a finite family {Xj)j^x of solutions of (j33p + (j34p . The main goal is to 
study its asymptotic behavior at the origin in some sense. Let p > 0. One observes (Theorem [3]) 
that whenever the intersection Uj Uf is not empty we have 

(3) \Xj{e,t,z) - Xi,{e,t,z)\ < Cie-^'"^"^^^ 

for positive constants Ci,A and for every {e,t,z) € {Uiq~^ n Ujiq^^) x T x D{0,p). Equation 
^ implies that the difference of two solutions of admits g'— Gevrey null expansion of 

type A > at in [// n Uj' as a function with values in the Banach space M.-j-^p of holomorphic 
bounded functions defined in T x D{0, p) endowed with the supremum norm. Flatness condition 
([3]) allows us to establish the main result of the present work (Theorem [7]) : the existence of a 
formal power series 

k>0 

formal solution of ([T]), such that for every / G Z, each of the actual solutions ([2]) of the problem 
()33p + ()34p admits X as its g— Gevrey expansion of a certain type in the corresponding domain 
of definition. 

The main result heavily rests on a Malgrange-Sibuya type theorem involving q—Geviey 
bounds, which generalizes a result in where no precise bounds on the asymptotic appears. In 
this step, we make use of Whitney-type extension results in the framework of ultradifferentiable 
functions. Whitney-type extension theory is widely studied in literature under the framework 
of ultradifferentiable functions subjected to bounds of their derivatives (see for example [1], [2]) 
and also it is a useful tool taken into account on the study of continuity of ultraholomorphic 
operators (see [H] , [20] , [10] ) . It is also worth saying that, although Gevrey bounds have been 
achieved in the present work, the type involved might be increased when applying an extension 
result for ultradifferentiable functions from |2]. 

The paper is organized as follows. 
In Section 2 and Section 3, we introduce Banach spaces of formal power series and solve auxiliary 
Cauchy problems involving these spaces. In Section 2, this is done when the variables rely in a 
product of a discrete g— spiral to the origin times a g— spiral to infinity, while in Section 3 it is 
done when working on a product of a punctured disc at times a disc at 0. 

In Section 4 we first recall definitions and some properties related to g— Laplace transform 
appearing in [21], firstly developed by C. Zhang. In this section we also find actual solutions 
of the main Cauchy problem ()33p -l- ()34p and settle a fiatness condition on the difference of two 
of them so that, when regarding the difference of two solutions in the variable e, we are able 
to give some information on its asymptotic behavior at 0. Finally, in Section 6 we conclude 
with the existence of a formal power series in e with coefficients in an adequate Banach space 
of functions which solves in a formal sense the problem considered. The procedure heavily rests 
on a g— Gevrey version of Malgrange-Sibuya theorem, developed in Section 5. 

2 A Cauchy problem in weighted Banach spaces of Taylor series 

M, Ai,C > are fixed positive real numbers throughout the whole paper. 

Let U, V be bounded sets in C* and let q G C* such that \q\ > 1. We define 

Uq-^ = {eg-" G C : e G C/, n G N} , Vq^+ = {rq^ G C : r G / G M, / > 0}. 

We assume there exists Mi > such that [r + 1| > Mi for all r G Vq^+ and also that the 
distance from the set V to the origin is positive. 
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Definition 1 Let e G Uq ^ and ^ G N. We denote ^ vq^+ vector space of functions 
V e 0{Vq^+) such that 



\v{t) 



m_^_ := sup 





r 




\gMlog2|i| 


e 





is finite. 

Let 5 > 0. We denote by H{e, d, Vq^+) the complex vector space of all formal series v{t, z) 
J2i3>oVp{T)z^/p\ belonging to 0{Vq^+)[[z]] such that 



/3>0 



It is straightforward to check that the pair {H{e,S,Vq^+), IHI(g 5 0, Banach space. 
We consider the formal integration operator defined on by 



d-\v{T,z)) := «! e 0{Vq^^)[[z]]. 



Lemma 1 Let s,k,mi,m2 E N, 6 > 0, e ^ Uq ^ . We assume that the following conditions 
hold: 



(4) 



mi <C{k + s) , m2 > 2{k + s)Ai. 



Then, there exists a constant Ci = Ci{s,k,mi,m2,V,U,C, Ai) (not depending on e nor 5) 
such that 



(5) 



r\ mi 



z-^\-) d~''v{T,zq-"'^' 



<Cld''+'\\v{T,z) 



for every v G H{e, 6, Vq^ 



Proof Let v{t,z) = E/3>o^/3W^ ^ 0{Vq^+)[[z]]. We have that 



,s (iyd-''viT,zq-"'') 



l3>k+s 



1 zP 



{13 - s)\ q^^i^-^) P\ 



(6) 



E 

/3>k+s 



{P - s)l q"'2(l3-s) 



P,e,Vq^+ 



Taking into account the definition of the norm ||-||^ ^ Vq^+ ' ^® 



(7) 



sup 



(/3-s)!g"*2(^-s) 
|f;3_(fc+,)(r)| r -C(/3-(fc+s)) 



(/?-s)! 



C(fc+s)— mi 



5 



with p(/3) = - Ai(/3 - {k + - m2{P - s). From gD we derive |e/r|C('=+^)-'^i < 

(Cc;/Cy)'^('^'+^)-""i for every e G C/g"^ and r G where < Cy := min{|r| : r G and 

< Cu := max{|e| : e G C/}. Moreover, 

p{f3) = {2{k + s)Ai - 1712)13 -{k + sfAi + m2S, 

for every /3 G N. Regarding condition (jH we obtain the existence of Ci > such that 

C{k+s)—mi 



(8) 



for every r G and /3 G N. Inequahty ([5]) follows from 1^, ([7|) and 



/T-\mi 

(-) 5-'=r;(r,zg-™^) 



/3! ,5^ 



I3>k+s 



I3>k+s 



-(k+s) 



□ 



Lemma 2 Lei F(e, r) be a holomorphic and bounded function defined on Uq ^ x Vq^+ . Then, 
there exists a constant C2 = C2{F, U,V) > such that 

for every e G Uq~^\ every 5 > and all G H{e, 6, Vq^+). 

Proof Direct calculations regarding the definition of the elements in H{e, 6, Vq^+) allow us to 
conclude when taking C2 '■= max{|F(e,T)| : e G Uq~^,T G Vq^+}. □ 

Let 5 > 1 be an integer. For all < k < S — 1, let mo,fc,mi,fc be positive integers and 
bk{e,z) = Ylseif, bks{^)z^ be a polynomial in z, where Ik is a finite subset of N and bks{e) are 
holomorphic bounded functions on Z)(0, tq). We assume Uq~^ Q D(0,ro)). 

We consider the following functional equation 

(9) d^W{e,T,z) = g^^^lil_r-o,.(a»(e,r,zg-"i>'^-) 

k=0 ^ ' 

with initial conditions 

(10) {diW){e,T,Q) = Wj{e,T) , 0<i<S-l, 

where the functions (e,r) Wj{e,T) belong to 0{Uq^^^ x Vc^+) for every < j < 5 — 1. 
We make the following 

Assumption (A) For every < A; < S" — 1 and s € 1^, we have 

"T-o.fe < C{S — k + s) , mi^k > 2{S — k + s)Ai. 
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Theorem 1 Let Assumption (A) be fulfilled. We also make the following assumption on the 
initial conditions in il(J\) : there exist a constant A > and < M < M such that for every 
< j < 5 - 1 



fill 



\Wj{e,T)\ < Ae 



for all T G Vq^+, e G Uq^^K Then, there exists W{e,T,z) £ 0{Uq'^ x solution of 

/fP|)+f70|] such that ifW{e,T,z) = X]/3>o W^/3(e, t)^, then there exist C2 > and < 6 <1 such 



that 

(12) mie,r)\<C2Pl 
for every e G U q^^ and r G Vq^+ . 



/|^[2AiSn 




T 


i 5 , 




€ 



Proof Let e €Uq ^. We define the map Ae from into itself by 

s-i , / 

(13) A{W{t, z)) := ^ ^SllIl_r^o. [(dt'W){r, zq-^^^^) + d'^w^ir, zq-^^^^) 



k=0 



where We{Tjz) := ^^=QWj{e,T)^. In the following lemma, we show the restriction of to 
a neighborhood of the origin in H{e,5,Vc^+) is a Lipschitz shrinking map for an appropriate 
choice of 5 > 0. 

Lemma 3 There exist R> and 6 > (not depending on e) such that: 



1. 



Ae{W{T,z)) ^ ^^^^^< R for every W{t,z) G B{0,R). B{0,R) denotes the closed ball 
centered at with radius R in H{e,6,Vq^+). 



2. 



AeiWliT,z))-AeiW2iT,z)) 

for every Wi,W2 G B{0,R). 



1 

(e,5,Vg*+) - 2 



WiiT,z)-W2iT,z) 



Proof Let > and < 5 < 1. 

For the first part we consider W{t,z) G B(0,R) C H{e,6,Vq*+). Lemma [1] and Lemma [2] 
can be applied so that 

' AeiW{T,z)) 

(fAV<?"=+) 



5-1 



(14) <EE 



Ml 



Ci6' 



S-k+s 



W{t,z] 



(^,<5,Vq'*+) 



+ 



d^.WeiT^zq-"'^-^) 



(^,5,^9*+) 



with Mks = sup^gf/g-N |5fcs(e)| < 00, s £ Ik, < k < S — 1. Taking into account the definition 
of H{e, 6, Vq^+) and ^ we have 



z^[-y°^'d',We{T,zq-"^^^>') 



S-l-k 

E 

j=0 



Wj+k{e,T) 



z- 



.j+s 
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5-l-fe 

(15) 

S-l-A: 

E 



|W"j+fc(e,T) 
eAfiog2|i[ 



mo,k-Cij+s) 



\Ai{j+sf 



5^- 



J! 



max{e 



-{M~M)log2(x) mo,fe-C{j+s) . 



: X > 0,0 <j + k < S -l,s e Ik} 



for a positive constant C!^. 

We conclude this first part from an appropriate choice of R and 5 > 0. 

For the second part we take Wi, W2 € -6(0, R) C H{e, 6, Vq^+). Similar arguments as before 
yield 



<yy ^c^6^-^+' 

(e,5y^+) - Ml 

k=0 sGl]^ 



Wi - W2 



□ 



An adequate choice for 5 > allows us to conclude the proof. 

We choose constants R, 6 as in the previous lemma. 
From Lemma [3] and taking into account the shrinking map theorem on complete metric spaces, 
we guarantee the existence of W^{t,z) € H{e,6,Vq^+) which is a fixed point for Ae in B{0,R), 
it is to say, ||W^e(T, z)||(^^5^^^k+) < R and Ae(We{T',z)) = We{T,z). 



Let us define 



(16) 



W,iT,z) := d-^W,iT,z) + w,{T,z). 



If we write We{T,z) = J2f3>o^l3,ti'^)j^ We{T,z) = X^^>o l^/3,e(''")^5 then we have that 
Wi3+s,e = W(s,e for /3 > and Wj,,{t) = Wj{e,T), < j < S -I. 



From \\We{T,z)\\^^^^y^R^^ < Rwe arrive at || W^/3,e||^_,^ygM+ 



< Rf3\ for every /3 > 0. This 



implies 



\Wis4t)\ < Rf3\ { - 



CI3 



,Mlog2|^| 



for every /3 > and r € Vq^+ . 

This is valid for every e € Uq~^. We define W{€,t,z) := We(r, z) and l^^(e,r) := W^,e(r) 
for every (e,r) G Uq~^ x Vq^+, z € C and (3 > S. From ([T6|l . it is straightforward to prove that 
W{e,T,z) = E/3>o^/3(e'^)^ is a solution of ©+(110]). 

Moreover, holomorphy of W/^ in Uq~^ x ygr'^+ for every /3 > can be deduced from the 
recursion formula verified by the coefficients: 



(17) 



Wh+s{e,T) 
h\ 



s-i 



fc=0 hi+h2=h,hi£li^ 



fefcfel(6)T"^°'''^fe2+fc(e,T) 

(r + l)e'^o>'= /i2!g™i''=''2 



/i > 0. 



This implies VFg(e,r) is holomorphic in Uq^^ x for every /3 G N. 

It only rests to prove (|12p . Upper and lower bounds for the modulus of the elements in 
U q~^ and Vq^+ respectively and usual calculations lead us to assure the existence of a positive 
constant Ri > such that 



(18) 



\Wf,{e,T)\ = \W^.sie,r)\ < Ri(3\ 



\2AiS\ P 



A/log2|i| 
e I e I 
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for every (3 > S, and for every e G Uq ^ and r E This concludes the proof for > S. 

Hypothesis (HI]) leads us to obtain ([TSDforO<A;<S'-l. □ 

Remark: If s > for every sG/fc,0</c</S' — 1 then any choice of > is valid for a small 
enough 5 > in order to achieve the result. 

3 Second Cauchy problem in a weighted Banach space of Taylor 
series 

This section is devoted to the study of the same equation as in the previous section when 
the initial conditions are of a different nature. Proofs will only be scketched not to repeat 
calculations. 

Let 1 < pq and [/ C C* a bounded and open set with positive distance to the origin. 
D{0,pq) \ {0} will be denoted in this section. M,Ai,C remain the same positive constants 
as in the previous section. 

Definition 2 Let ro > 0, e G D{0,ro) \ {0} and /3 G N. We denote £"1 ■ the vector space of 
functions v € 0{Dp^^) such that 

\ \CI3 

is finite. Let 6 > 0. We denote by H2{e,6, Dp^) the vector space of all formal series v{t,z) = 
^l3>()Vfs{T)z^ / /3l belonging to 0{Dpf^)[[z]] such that 

/3>0 ^' 

It is straightforward to check that the pair {H2{e, 6, Dp^^), \ ■ \(^^ g jj is a Banach space. 

Lemma 4 Let s, k,mi,m2 G N, 5 > and e S D(0, ro) \ {0}. We assume that the following 
conditions hold: 

(19) mi<C{k + s) , m2>2{k + s)Ai. 

Then, there exists a constant Ci = Ci{s,k,mi,m2, DpQ,U) (not depending on e nor 6) such 

that 

for every v e H2{e,5, Dp^). 

Proof Let v{t,z) € 0(I)p„)[[z]]. The proof follows similar steps as in Lemma [TJ We have 



z' (-Y' d;''v{T,zq--"'^) = y vs-(k+s)ir) 



(3 
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From the definition of the norm I • L a , we get 



r\mi 



/3! 1 



PO 



< |„|Ai(/3-(fc+.))^, m(/3) 



with p(/3) = ^i/3^ — — (A; + s))^ — m2{(3 — s). Identical arguments as in LemmadJahow us 



to conclude. 



□ 



Lemma 5 Let < pi < 1 and F(e, r) a holomorphic and bounded function defined on D{0, rg) x 
C \ D{0,pi). Then, there exists a constant C2 = C2{F) > such that 

for every e G D(0,ro) \ {0}, every 6 > and every € H2{e,6, Dp^^). 

Let 5, ro, mo,A;, "T-i.A; and bk as in Section [2] and po > 0. We consider the Cauchy problem 



5-1 



(211 



A;=0 



with initial conditions 

(22) {diW){e,T,0) = W,{e,T) , < j < S - 1, 

where the functions (e,T) i-)- Wj{e,T) belong to 0{{D{0,rQ)\{0}) x Dp^) for every <j< S — 1. 

Theorem 2 Let Assumption (A) be fulfilled. We make the following assumption on the initial 
conditions there exist constants A > and < M < M such that 

„.2 1 E 



(23) 



\Wjie,T)\ < Ae^^'°s^l^l 



for every r G -Dp,,, e € D(0, tq) \ {0} and < j < 5 — 1. Then, there exists W{e,T,z) £ 
0((L>(0,ro) \ {0}) X Dpo)[[z]] solution of ^2^+^ such that ifW{e,T,z) = E/3>o ; 
then there exist C3 > and < 5 < 1 such that 



(24) 



\W^{e,T)\<Cs(3\^ ^ 
for every e G D{0, tq) \ {0} and r G Dp^. 



„|2Ai5\ 

91 \ ,^|-C/}gMl 



"1 ; 



/3>0, 



Proof The proof of Theorem [T] can be adapted here so details will be omitted. 

Let e G L'(0,ro) \ {0} and < 6 < 1. We consider the map Ae from 0(I)p(,)[[z]] into itself 
defined as in (fT3|) and construct We{T,z) as above. From ([23|) we derive 
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S-l-k 



^ sup |VFj+fe(e,r)j 



(25) 



j=0 r&Dpg 



I|(7|"^l,fcJ 



J 



for a positive constant C3 not depending on e nor 5. 

Lemma [U Lemma [5] and (j25p allow us to affirm that one can find i? > and 6 > such 
that the restriction of Ae to the disc D(0,R) in H2{e, 5, Dp,^) is a Lipschitz shrinking map for 
appropriate choices of > and 5 > 0. Moreover, there exists ^^(t, z) G H2{e, 5, Dp^^) which is 
a fixed point for in B{0,R). 

If we put W,iT, z) = Z^>o W^A^)^, then one gets \Wp,e\^,,,n^^ < i?/3! for /3 > 0. This 
implies 



/3 



P>o,TeDp,. 



The formal power series 



z^ , . ^ zf" 



p>s 



/9>0 



turns out to be a solution of (|2ip + (|22p verifying that PFg(e,r) is a holomorphic function in 
£>(0,ro) \ {0} X bp^ and the estimates ^ hold for /3 > 0. 



□ 



4 Analytic solutions in a small parameter of a singularly per- 
turbed problem 

4.1 A g— analog of the Laplace transform and g— asymptotic expansion 

In this subsection, we recall the definition and several results related to Theta Jacobi function 
and also a analog of the Laplace transform which was firstly developed by C. Zhang in |21j . 

Let g G C such that \q\ > 1. 

Theta Jacobi function is defined in C* by 

e(x) = X e e. 

nez 

Prom the fact that Theta Jacobi function satisfies the functional equation xqQ{x) = Q{qx), for 
X 7^ 0, we have 

mf m+1) 

(26) e(g™x) = g^^x'"e(x), xeC,x^O 

for every m € Z. The following lower bounds for Theta Jacobi function will be useful in the 
sequel. 

Lemma 6 Let 6 > 0. We have 

(27) |G(x)| > (5e^™p(|x|), 

for every x G C* such that |1 + xq''] > 6 for all k £ 7j. Here p{\x\) is a finite linear combination 
of elements in {\x\'^ : m G Q} with positive coefficients. 
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Proof Let S > 0. From Lemma 5.1.6 in [TS] we get the existence of a positive constant Ci such 
that |0(x)| > Ci50|g|(|x|) for every x € C* such that |1 + xq''\ > 6 for all k £ Z. Now, 

ETi(n — 1) n(n—l) 
\q\ 2 Ixj" > max \q\ 2 

Let us fix \x\. The function f{t) = exp(— 1/2 log(|g|)t(t — 1) + tlog \x\) takes its maximum value 
at to = |g[ + I with /(to) = C2 6xp( ^°^g )|a;|^/^, for certain C2 > 0. Taking into account 
that r — 1 < [rj < r < [rj + 1 for r € M ([-J stands for the entire part), we conclude from usual 
estimates. □ 



Corollary 1 Let 5 > 0. For any ^ £ (0, 1) there exists = C^{5) > such that 

siog^ 1^1 

(28) |e(x)| > C^e^T^, 
for every x E C* such that |1 + xq^\ > 5, for all /c G Z. 

From now on, (H, IHIjj) stands for a complex Banach space. 
For any A € C and (5 > we denote 

nxns-= {z + 6,yk e M}. 

^gK 

The following definition corresponds to a 5— analog of Laplace transform and can be found in [21] 
when working with sectors in the complex plane. 

Proposition 1 Let 6 > and po > 0. We fix an open and bounded set V in C* and p > such 
that D{0,pq) n y / 0. Let A € D{0,po) n V and f be a holomorphic function defined in Dp^^ 
with values in H such that can be extended to a function F defined in Dpg U Vq^+ and 

(29) |jF(x)||jj < Cie^'°s'l^'l, x e Vq^ := Vq^+ UV{q-Y^ , 

for positive constants Ci > and < M < 2\og\q\ ■ 
Let TTq = log(g) nn>o(l " 9^""^)^^ and put 



(30) £^^iF(z) 



9(1) e 



where the path [0, ooA] is given by t G (—00,00) 1— )• g'A. Then, C^.^F defines a holomorphic 
function in ^A,g,<5 and it is known as the q— Laplace transform of f following direction [A]. 

Proof 

Let K C 7^A,(j,(5 be a compact set and z ^ K. From the parametrization of the path [0, ooA] 
we have 

Jo Qli] i J-ooQ 3^] 
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Let < ^1 < 1 such that < M < 2\og\q\ t S M. We have w = ^ satisfies |1 + q^w\ > 6 

for every A; G Z. CoroUary [1] and ()29p yields 



e 



< / dt < Li / |g*A|J^e^*^"^™^'°s I'' ^'dt, 



for positive constants Li, L2. This integral is convergent and does not depend on z € -ftT. □ 

1 

21og|g|' 



Remark: If we let M = ju^-ri, then C^-iF will only remain holomorphic in 7^A,g,5 H D{0, ri) for 



certain ri > 0. 

In the next proposition, we recall a commutation formula for the g— Laplace transform and 
the multiplication by a polynomial. 

Proposition 2 Let V be an open and bounded set in C* and D{0, po) such that VriD{0, pq) 7^ 0. 
Let (j) a holomorphic function on Vq^+ U Dp^ with values in the Banach space (H, ||-||jj) which 
satisfies the following estimates: there exist Ci > and < M < ^^^^ such that 

(31) ||,/.(rE)||H<C7ie^l°s'l-'l, x^Vq^^. 

Then, the function rrKplr) = T(f){T) is holomorphic on Vc^+ U Dp^ and satisfies estimates in the 
shape above. Let A G F fl D(0,po) f^iT-d 5 > 0. We have the following equality 

C^^.,{mcP){t)=tC^^.MQt) 

for every t G Tlx,g,s- 

Proof It is direct to prove that mc/) is a holomorphic function in Vq^+ U Dp^ and also that mcj) 
verifies bounds as in (j3ip . From (|26p taking m = — 1 we derive 



- 6(1) e 70 6(1) 



g JO 



1 m 

io f 6(f 



di = tCiM){qt), 



for every t G 'Tl\,q,5- D 

4.2 Analytic solutions in a parameter of a singularly perturbed Cauchy prob- 
lem 

The following definition of a good covering firstly appeared in [TB], p. 36. 

Definition 3 Let L = (Ii,/2) be a pair of two open intervals in M each one of length smaller 
than 1/4 and let Uj be the corresponding open bounded set in C* defined by 

Ui = {e^^g^ e e : u G Ii, f G h}. 

Let X be a finite family of tuple I as above verifying 

1. U/gx(C//g-^) = u\ {0}, where V is a neighborhood of in C, and 
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2. the open sets Ujq ^, I G I are four by four disjoint. 
Then, we say {Ujq^^)j^x is a, good covering. 

Definition 4 Let {Ujq~^)ji=.x be a good covering. Let 6 > 0. We consider a family of open 
bounded sets (V/)/gi, T in C* such that: 

1. There exists 1 < po with Vj PI D{0, po) ^ 0, for all I & 1. 

2. For every / € X and r € Vjc^, |t + 1| > 5. 

3. For every I^I,t&T,eu^Ui and G V/ fl D(0, pq), we have 

|1 + ^|>5, 

for every r G M. 
4- \i\ ^ 1 for every t ^ T. 
We say the family {(V/)/ex,T} is associated to the good covering {Uiq~^)i^x- 

Let S* > 1 be an integer. For every < A; < S — 1, let rriQ^k^mi^k be positive integers and 
6fc(e, z) = X^sG/j. ^ks[^)z^ be a polynomial in z, where 1^ is a subset of N and 6fcs(e) are bounded 
holomorphic functions on some disc £'(0, tq) in C, < tq < 1. Let {Uiq^^)i^x be a good 
covering such that Ujq^^ C D(0,ro) for every / G I. 
Assumption (B): 

M < ^ V , . 
2 log \q\ 

Definition 5 Let Tq > 0, po > 1 such that V n 15(0, po) / 0- ^ei A, M > such that M < M 
and (e,r) i-)- H^(e,r) a bounded holomorphic function on D{0,rQ) \ {0} x Dp^ verifying 

\W{e,T)\ < Ae^^'°s'l"/^l, 
for every (e,r) G I?(0, tq) \ {0} x Dp^. Assume moreover that W{e,T) can be extended to an 



analytic function (e, r) i-^- Wuvi^iT) on Uq ^ x {Vq^+ U i^p,,) and 

(32) |H^c/y(e,T)| < Ae^^i°g'l^/^l, 

for every (e, r) G Uq^'^ x (^(7''^+ U -Dpo)- ^'^U ^^^^ {W,Wuv , Po} is admissible. 

Let Z be a finite family of indices. For every / G Z, we consider the following singularly 
perturbed Cauchy problem 

5-1 

(33) etdlXi{e,qt,z)+dlXi{e,t,z) = Y,h{e. z){ta,r^'>= {dlXi){e,t, zq'^^-'^) 

k=0 

with hk as in ([9]), and with initial conditions 

(34) {dlXi){€,t,Q) = <Pi^j{e,t) , 0<j<5-l, 



14 



where the functions (j)ij{e,t) are constructed as follows. Let {(V7)/ei,7'} be a family of open 
sets associated to the good covering {Uiq~^)i^x- For every < j < 5 — 1 and / G X, let 
{Wj,Wujyjj, po} be an admissible set. Let A/ be a complex number in V[ Ci D{0, pq). We can 
assume that ro < 1 < lA/j. If not, we dimish tq as desired. We put 

t) := £^.\(r ^ Wu„v,A^,T)){et). 

Similar arguments as the ones used in the proof of Theorem [3] and taking into account As- 
sumption(B), Proposition [J and estimates in ([32]) . we deduce that 4)ij{e^t) is holomorphic and 
bounded on Ujq^^ x T for every / G X, < j < 5 — 1. 

The following assumption is related to technical reasons appearing in the proof of the fol- 
lowing theorem. 

Assumption (C): There exist ai, 02, 6i, c^i, ^2 > 0, < < 1 such that 
(C.l) logkl<|, 

(C.2) logM + t + |(^^-2i4M)>0' 

(C.4) 

A, (l - \ > ^ "—^ + 



d^ilxkn-^y 4eiogM(^-M) ai 

Next remark clarifies availability of these constants for a posed problem. 

Remark: Assumptions (A), (B) and (C) hardly depend on the choice of q whose modulus 
must rest near 1. This assumptions on the constants are verified when taking log |g| = 1/16, 
M = 1, ^1 = 2, C = 1, e = 1/2, I = 1/2, ai = 9, 02 = 1, 61 = 62 = 1, di = 1, ci2 = 12, 
i = i = 1/2, C = 1/4, oi = a2 = 1 and M = l/(log \q\S). Then, the previous theorem provides 
a solution for the equation 

etdtXi{e,qt,z)+dtXi{e,t,z) = {boo{e) + boiie)z)t^Xj{e,qH, zq-^') + bwzd,Xi{e,q% zq'^^), 
with 6oo,^oi,&ii being holomorphic functions near the origin. 

Theorem 3 Let Assumption (A) be fulfilled by the integers ?Tio,fc, m-i^fc, for < k < S — 1 and 
also assumptions (B) and (C) for M,Ai,C. We consider the problem i3^+^3^ where the 
initial conditions are constructed as above. Then, for every I ^ Z, the problem [33\) +[34\) has a 
solution Xj{e,t,z) which is holomorphic and bounded in Ujq~^ x T x C. 

Moreover, for every p> 0, if 1,1' G I are such that Ujq^^ fl Ujiq^^ ^ then there exists a 
positive constant Ci = Ci(p) > such that 

|X,(e,t,z)-Xr(e,t,z)| <Cie-^l°s'l^l, {e,t, z) e {Uiq-'' nU^q-'') x T x D{0, p), 

with ^ = (1 — 0( 2iog|g| ~ ^) ""^^^^ choscn as in Assumption (C). 



Proof Let 5 > and I £ I. We consider the Cauchy problem ()2ip with initial conditions 
{diW){e,T,0) = Wj(e, r) for < j < S — 1. From Theorem [2] we obtain the existence of a 
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unique formal solution W{e,T,z) = X]^>o ^/3(£) ^ C>{D{0,rQ) \ {0} x -Dpo)[N] positive 
constants C3 > and < (5i < 1 such that 



(35) 



|W/3(e,r)| <C3/3! 



l2AiS.j3 



61 



-C/3 Aflog2[i| 



/3>0, 



for (e,r) G {D{0,ro)\{0}) x D,,. 

Moreover, from Theorem [1] we get that the coefficients M^^(e,r) can be extended to holo- 
morphic functions defined in Uiq~^ x Viq^+ and also the existence of positive constants C2 and 
< 62 < I such that 



(36) 



|VF^(e,r)| <C2/3! 



C/3 



gAflog2|r||^|_Ai/32^ 



/3>0, 



for (e,r) G CZ/g"^ x yfg«+. 

We choose A/ G V/ n D(0, po)- In the following estimates we will make use of the fact that 
|e| < for every e G D(0, tq \ {0}). Proposition [1] allows us to calculate the g— Laplace 



transform of Wfs with respect to r for every (3 > 0, £q.\(W^)(e, r). It defines a holomorphic 
function in x 7?-Aj,g,5- From the fact that {(V/)/gi,T} is chosen to be a family associated 

to the good covering {Ujq~^)i^x we derive that the function 

(e,t)^4\(iy^)(e,et) 

is a holomorphic and bounded function defined in Ujq^^ x T. We can define, at least formally, 
(37) 



/3>0 ^' 



in 0{Uiq~^ x T)[[2;]]. If ^/(e, z) were a holomorphic function in Ujq^^ x T x C, then Propo- 
sition [2] would allow us to affirm that (|37p is an actual solution of (|33|) + (|34|) . In order to end the 
first part of the proof it rests to demonstrate that ([37|l defines in fact a bounded holomorphic 
function in Ujq^^ x T x C. Let (e,t) G Ujq'^ x T and /3 > 0. We have 



l4\T^^(6,et)l < |4^,+I^^(e,6t)| + l£jfi,„I^^(6,6t)|, 



where 



— - — -r as, WR(e,et) = 



We now establish bounds for both branches of g— Laplace transform. 



\C^^Me,et)\< 



\\ogq\ 


Wi,{e,q'Xl) 


kgl Jo 





ds. 



Let < ^ < 1 as in Assumption (C). From (|36p and ()28p . the previous integral is bounded by 



< 



loggi 



TTr, 



00 C2 



kg I Q 



|2Ai5\ /3 









e 


exp( 


A/ 




e 





21og|g| 



-ds 



00 I |C./3gA^log'|^| 



exp( 



21og|g| 



ds. 
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Let ai,a2 as in Assumption (C.4). 

From (ais — a2/5)^ > and 4. in Definition U the previous inequality is upper bounded by 



(38) 



where < B = ^log \q\/2 - Mlog^ \q\ - ^ and 



|logg|C2^, ngl^-"^^^^ 



2a2 

A/ 

e 



'^'^ _^ q2 I Ca2l3^ _5_logf_[t| g log | A j-/,s| log |t| 
Ifll ^ 2aj^ g 2 log I q I g log |9| 



The previous integral is uniformly bounded for e G -D(0, tq) \ {0} and t £ T from hypotheses 
made on these sets. The expression in ([38]) can be bounded by 



\loS<l\C!,^,f\qr^'V 



A/ 

e 



C/3 



A 21og|g|' >= I 2ai g 21og|g| g loglql 



for an appropriate constant C2 > 0. 

The function s 1— )• gT/^e""^"^ '•'^^ takes its maximum at s = e'^^/^^"-' so each element in the 
image set is bounded by e^'^^^ Taking this to the expression above we get 



|/:,7i,+w^Me,ei)l< 



2Ai5\ ^ 



2ai ^41og|g|(5/(2 1ogl9|)-Af) 



for certain > 0. 

Assumption (C.4) applied to the last term in the previous expression allows us to deduce 
that the sum 



(39) 



/9>0 



converges in the variable z uniformly in the compact sets of C. 
We now study _VF/3(e, et). We have 



Wp{e,q'Xl) 



et ■ 



e( 



ds. 



Prom (p4|l and (|28|1 the previous integral is bounded by 



log q\ 



/ |,,|2A, S \ 

^^3/3!(^) 



-ds. 



Qe 2 1og|9| 



Similar calculations as in the first part of the proof resting on Assumption (C) can be followed 
so that the series 



(40) 



5;<i,_TV^(6,6t) 



/3>0 



is uniformly convergent with respect to the variable z in the compact sets of C, for (e, t) E 
Ujq^^ X T. We will not enter into details not to repeat calculations. 
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The estimates (|39|) and (jlO|) attain convergence of the series in (j37j) for every z G C. Bound- 
ness of the Laplace transform with respect to e is guaranteed so the first part of the result is 
achieved. 

Let /,/' € X such that Ujq-^ n U^q-^ / and p > 0. For every {e,t,z) G {Uiq-^ H 
Upq-^) X r X D{0,p) we have 



(41) 



\Xi{e, t, z) - Xp{e, t,z)\<Y, \^',!iWp{e, et) - C^^iW^ie, et)\^. 

/3>0 ^' 



,/3 



We can write 



(42) 



log(g)/ f W^icQ d^ 
G(C/et) e 



72 



G(C/et) e 



+ 



^3_^, e(c/et) ^ 



where the path 71 is given by s G (0, 00) H- g^A/, 72 is given by s G (0,oo) 1-^ q^^r, 73 is 
s G (—00,0) I— )■ 5** A/ and 74 is s G (— oo,0) 1-^ q^Xp- 

Without loss of generality, we can assume that |A/| = |A/'|. 

For the first integral we deduce 



71 



< I log (g) I 



\W^ie,q'Xl)\ 
l©(^)l 



ds. 



Similar estimates as in the first part of the proof lead us to bound the right part of previous 
inequality by 



^2 oum 



—B\ 



62 



r 


hi 




e 



for certain C2 > 0. For any ^ G (0, 1) we have 



A/ 

e 



C/3 



g(M- „, ^ I | )log"' |Aj/e| ^ 4;( „, ^ , I -M) 

1^ ^ 21og|q|-' ^ I ' \ £ 21og|g| ' 



(3>0. 



This yields 
(43) 

Wp{e,q'Xl) 



71 



9(21A/- 



r'" /In 



We choose ^ as in Assumption (C). 

The integral corresponding to the path 72 can be bounded following identical steps. 

We now give estimates concerning 73 — 74. It is worth saying that the function in the 
integrand is well defined for (e,r) G Z)(0, tq) \ {0} x Dp^ and does not depend on the index 
I ^X. This fact and Cauchy Theorem allow us to write for any n G N 



0, 



where r„ = 7„_i + 75 — 7„.2 — 7n,3 is the closed path defined in the following way: s G [— n, 0] i-^- 
7n,i(s) = Xjq^,'y5 is the arc of circunference from Xj to A//, s G [—n,0] i-> 7n,2(s) = A/zg* and 
7„ 3 is the arc of circunference from Xiq~" to Xjrq^"'. Taking n ^ 00 we derive 



(44) 



= lim 



lim 



Wp{e,^) di 



lim 



7n,l+75-7n,2 
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Usual estimates lead us to prove that 
(45) lim 
Moreover 
(46) 
Prom 



lim 

n— >oo 



/ 



Wp{e,i)di _ 



0. 



3 and (H6l) we obtain 



73 +75 -74 



/ 

J T3 



Taking into account Definition U] and (j35p we derive 



75 e ■ 



75 0(^/^0 e 



W-ff(6,[A,|e-^: 
G(^) 



de 



where Oj = arg(A/), Oji = arg(A7''). This last expression is bounded by 



length(75)C^^,/|(7|'^^^^^ 



-C(5 



M log' 



2| I 



5 W2 1l 

g21og 1,1 I et 



-Al/32 



,,„/M!!!!V'i.i-cfl,(M-iiira)'°s 



for adequate positive constants 6*3,(73. From standard estimates we achieve 



(47) 



73-74 



< C 



Prom (HH), (fl2]) . ([13|) . ()17|) and Assumption (C.4) we conclude the existence of a positive 
constant C[ > such that 



\Xj{e,t,z) - Xj,{e,t,z)\ <C[Y,f3l 



I3>0 



So 



Cai 



4€log|g|(2i3^-iV/) 



xe 



2 log |q| ' 



for every {e,t,z) G ([//g"^ n Urq~^) x T x 1^(0, p), with (5o = mm{5i,S2}. 



□ 
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5 A g— Gevrey Malgrange-Sibuya type theorem 

In this section we obtain a g— Gevrey version of the so called Malgrange-Sibuya theorem which 
allows us to reach our final main achievement: the existence of a formal series solution of problem 
(|33p + (|34|) which asymptotically represents the actual solutions obtained in Theorem [21 meaning 
that for every / G X, Xi admits this formal solution as its q—Gevxey asymptotic expansion in 
the variable e. 

In [11] . a Malgrange-Sibuya type theorem appears with similar aims as in this work. We 
complete the information there giving bounds on the estimates appearing for the g— asymptotic 
expansion. This mentioned work heavily rests on the theory developed by J-P. Ramis, J. Sauloy 
and C. Zhang in [18J. 

In the present work, although g— Gevrey bounds are achieved, the 5— Gevrey type involved 
will not be preserved suffering increasement on the way. 

The nature of the proof relies in the one concerning classical Malgrange-Sibuya theorem for 
Gevrey asymptotics which can be found in [16j . 

Let EI be a complex Banach space. 



Definition 6 Let U he a hounded open set in C* and A > We say a holomorphic function 
f : Uq~^ M admits f = Yln>o ^ ^ii^]] ^^■^ q— Gevrey asymptotic expansion of type A 
in Uq^^ if for every compact set K <^ U there exist Ci,H > such that 

N 



n=0 



for every e G Kq~^. 

The following proposition can be found, under slightly modifications in Section 4 of [18]. 

Proposition 3 Let yl > and U Q he an open and bounded set. Let f : Uq^^ — )• EI 6e a 
holomorphic function that admits a formal power series f G EI[[e]] as its q— Gevrey asymptotic 
expansion of type A in Uq~^ . Then, if f^''^ denotes de k—th formal derivative of f for every 
k €N, we have that f^^^ admits f^^^ as its q— Gevrey asymptotic expansion of type A in Uq~^ . 

Proposition 4 Let yl > and f : Uq^^ — > EI a holomorphic function in Uq^^. Then, 

i) If f admits as its q— Gevrey expansion of type A, then for every compact set K U 
there exists Ci > with 

\\f{e)\W<C^e--^^'''^'\^ 
for every e G Kq~^ and every d > A. 

a) If for every compact set K QU there exists Ci > with 

||/(6)||e<Cie-^TO'°^'l^ 

for every e G Kq^^^ then f admits as its q— Gevrey asymptotic expansion of type a in 
Uq^^ , for every a> A. 

Proof Let Ci, iJ, yl > and e G C*. The function 

G{x) = Ci exp(log(i7)x + i^^sM4^2 + (2; + 1) log |e|) 
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is minimum for x > at xq = a log \q\ • deduce both results from standard calculations. 

□ 

Definition 7 Let {Uj)i^x be a good covering at (see Definition l^, and gj ji : l/jq^^ H 
holomorphic function in Ujq ^ n Ujiq ^ for 1,1' G X when the intersection 
is not empty. The family '^^ q—Gevrey M—cocycle of type A > attached to a 

good covering {Ujq^^)ji=x if the following properties are satisfied: 

1. gj j' admits as its q—Gevrey asymptotic expansion of type A > on Ujq~^ H Upq~^ for 
every (/, /') € I. 

2. giji{e) = -grj{e) for every {1,1') G I, and e G Uiq~^ n Urq'^. 

3. We have gij"{e) = gi,r{e) + c/7',//'(e) for all e G Uiq-^ n Upq-^^ n Ur,q-^^ , I, I', I" G X. 

Let p > and T C C* be an open and bounded set. HIt-^p stands for the Banach space of 
holomorphic and bounded functions in T x D{0,p) with the supremum norm. 

Proposition 5 Let p > 0. We consider the family {Xi[e,t, z))i^x constructed in Theorem\^ 
Then, the set of functions ((7/,/'(e))(/,/')GX2 defined by 

gij,{€) := {t,z) G r X D{Q, p) ^ Xr{e,t, z) - Xi{e,t, z) 

for 1,1' is a q—Gevrey M-j-^p-cocycle of type A for every A > A := - — — ^ — attached 

^ '^/v 2 log \ q\ ' 

to the good covering {Ujq^^)j^x- 

Proof The first property in Definition [7] directly comes from Theorem [3] and Proposition HI The 
other two are verified by construction of the cocycle. □ 

We recall several definitions and an extension result from p] which will be crucial in our work. 

Definition 8 A continuous increasing function w : [0, oo) [0, oo) is a weight function if it 
satisfies 

(a) there exists k >1 with w{2t) < k{w{t) + 1) for all t > 0, 

r/3; r ^dt < oo, 

(5) (j) : t ^ w{e^) is convex. 

The Young conjugate associated to (j), </>* : [0, oo) -^M of (p is defined by 

4>*{y) := sup{xy — : x > 0}. 

Definition 9 Let K be a nonempty compact set inM?. A jet on K is a family F = {f'^)aeN^ 
where f^iK^Cisa continuous function on K for each q G N^. 

Let w he a weight function. A jet F = {f°')a£N^ on K is said to he a w— Whitney jet (of 
Roumieu type ) on K if there exist m > and M > such that 

ll/lli^i/m:= sup |r(x)|exp(--</.*(m|a|)) <M, 
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and for every / G N, a G with \a\ < I and x,y £ K one has 

< M^^|^^exp(i-,^*(m(/ + 1))), 

where (R'^FUy) := f^{y) - T.\a+p\<i y^^{^){y " ■ 

£i^u>}{K) denotes the linear space of if— Whitney jets on K. 

Definition 10 Let K (1 "M? be a nonempty compact set and w a weight function in K . A 
continuous function f : K C is w — C°° in the sense of Whitney in K if there exists a 
w— Whitney jet on K, {f°')am'^ such that /C^'") = /. 
For an open set Q, £W? we define 

■■= {/ G -.^K Qn,K compact ,3m > 0, \\f\\K^y^ < oo}. 

The following result establishes conditions on a weight function so that a jet in £i^^-j{K) can 
be extended to an element in £'|^}(M^) if and only if w is a strong weight function. 

Theorem 4 (Corollary 3.10, [2j) For a given weight function w, the following statements 
are equivalent: 

1. For every nonempty closed set K inM^ the restriction map sending a function f E £'|^}(M^) 
to the family of derivatives of f in K, (Z*-"^ |_ft:)agN2 ^ £{w}{K) is a surjective map. 



2. w is a strong weight function, it is to say, 



-ew{t) 



lim lim — - — - = 0. 

e^o+ t^cowyet) 

Let ki = ^j^g ■ We consider the weight function defined by WQ{t) = ki log^(t) for t > 1 and 
wo{t) = for < t < 1. As the authors write in [2], the value of a weight function near the 
origin is not relevant for the space of functions generated in the sequel. 

The following lemma can be easily verified. 

Lemma 7 wq is a weight function. 
Under this definition of wq we have 



'/'L(y) = sup{xy - (pwoix) : X > 0} = sup{xy - ..^ , , : x > 0} = log y >0. 

' 41og|g| 



The spaces appearing in Definition [S] concerning this weight function are the following: for 
any nonempty compact set K CM.'^, is the set of wo-Whitney jets on K, which consists 

of every jet F = {f°')a(^n^ on K such that there exist m E N, M > with 

and such that for every / E N and a E with \a\ < I we have 
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We derive that £)^^^^j{K) consists of the Whitney jets on K such that there exist Ci, H > 
with 

(48) < x£K,a£N^, 
and for every x,y ^ K and all / G N, a € with |a| < / 

(49) \{B',FUy)\<CiH'\q\^-^ ^1 



(/ + !- |a|)!' 

Theorem 5 wq is a strong weight function so that Theorem ^ holds. 
Proof 

lim lim — = lim lim — - — 1— ^ = lim e = 0. 

6^-0+ t^oo w{et) 6-^0+ t^oo ki log (et) e^o+ 



□ 



Remark: A continuous function / which is wq — C°° in the sense of Whitney on a compact 
set K is indeed in the usual sense in Int(X) and verifies g— Gevrey bounds of the same type. 
Moreover, we have 

for every k = {k\,k2) G and {x,y) G Int(i^). 

Next result is an adaptation of Lemma 4.1.2 in [IS]. Here, we need to determine bounds in 
order to achieve a g— Gevrey type result. 

Lemma 8 Let U be an open set in C* and f : Uq~^ — )• HI a holomorphic function with f = 
Ylh>o'^h^^ G being its q-Gevrey asymptotic expansion of type A > in Uq^^. Then, for 

any n G N, the family i9"/(e) of n— complex derivatives of f satisfies that for every compact set 
K C U and fe, m G N with k < m, there exist Ci,H > such that 



(50) 



h=0 

for every G Kq^^ U {0}. Here, we write dlf{0) = Uai for I G N 



2 Ic e, im+l — k 



(m + 1 - A:)! 



Proof We will first state the result when Ch = 0. Indeed, we prove in this first step that the 
family of functions with g— Gevrey asymptotic expansion of type A > in a fixed q— spiral is 
closed under derivation. Proposition [3] turns out to be a particular case of this result. 
Let m G N, X be a compact set in U and consider another compact set Ki such that K C Ki C 
U. We define 

Rmie):=e~"^-\f{e)-f2^^e% eGKq-^, 

h=0 

where 9^/(0) denotes the limit of d^f{e) for e G Kq~^. Then we have that 
(51) dj{e) = f; SM/ie'^-i + (a,i?„(6))6'"+i + (m + l)i?™(e)e"^. 

h=l 



Moreover, from Definition |6l there exist C,H > such that ||i?m(e)|| ^ CH^ (m+i)! every 
6 G K,q-^. 
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Lemma 9 (Lemma 4.4.1 [18]) There exists p > such that D{e,p\e\) C Kiq ^ for every 
e G Kq-^. 

Cauchy's integral formula and g— Gevrey expansion of / guarantee the existence of a positive 
constant C2 > such that 



\q\ 2 



1 



(m + 1)! p\e\ 



This yields the existence of C3 > such that 



h=0 



e G Kq~ 



< \\deRmie)\\a k! + (m + 1) ||-Rm(e) 



e G iTq'" 



An induction reasoning is sufficient to conclude the proof for every m > 0. 

We now study the case where e;, 7^ and only give details for k = 0. For A; > 1 one only 
has to take into account that the derivatives of / also admit g— Gevrey asymptotic expansion of 
type A and consider the function d^f. 
If efe 7^ we treat two cases: 

If \ea — £{,1 < p\ei)\, then is contained in Kiq~^ and we conclude from Cauchy's integral 

formula. 

If \€a — €f)\ > p\eh\, then we bear in mind that the result is obvious when / is a polynomial 

and write /(e) = e™+^iim(e) +p(e) where p{e) = YlT=o ^^hf^ ^^- sufficient to prove (|50|) 

when /(e) := e"^^^Rm{^)- The result follows from q— Gevrey bounds for H^gi^mUjj) k = 0, ...,n 
and usual estimates. □ 

The following lemma generalizes Lemma 6 in 

Lemma 10 Let f : Uq~^ -^M be a holomorphic function having /(e) = "^h^QO-h^^ £ ^[[^]] ^■s 
its q—Gevrey asymptotic expansion of type A > on Uq^^. Let K C U be a compact set. Then, 
the function (ei, €2) '-^ 4'{^i + ^^2) = /(ci, £2) is a wq — C°° function in the sense of Whitney on 
the compact set 

K' = {(ei, es) G M2 : ei + ies G Kq-^ U {0}}. 
Proof We consider the set of functions {<l)'^^^'^^'^){ki,k2)&P defined by 
(52) <^(*=^'^^) :=i^'^a,'=^+'=V(e), (A^i, ^2) G N^, (ei, es) G if'. 

From Lemma [SI function / satisfies bounds as in ()50p . Written in terms of the elements in 
((/)('^i''^2))(fc^ fc2)GN2 we have the existence of Ci,H > such that for every (A;i,/c2) G N^, m > 



1 



p=0 hi+h2=p 



jk2+h.2p\ 



^j^{xi-x2fH^^{yi-y2p 



|m+l-|(fei,fc2)| 



(m + l-|(fci,fc2)|)! 



24 



for {xi,yi), {x2,y2) G K'. Expression ([18|) can be directly checked from ([52]) and (jSOj) for £5 = 
and m = k. This yields the set '^^''^^^)(A;i,a;2)gn2 is an element in £^^^^'^{K') □ 

Next result allows us to glue together a finite number of jets in £^^^^-j(K), for a given compact 
set K. 

Theorem 6 /J^. Theorem 11.1.3] Let Ki,K2 be compact sets in M^. The following statements 
are equivalent: 

i. The sequence 

£{n,o}{Ki) ^ £{yj,}{K,) e £{^,y{K2) A £{^,y{Ki n K2) ^ 
is exact. 7r(/) = (/|xi,/|x2) and6{f,g) = f\KinK2 -^kini^a- 

a. Let fi £ £^^gy{Ki) and f2 G £^^gj{K2) be such that fi{x) = f2{x) for every x € -ftTi PI K2. 
The function f defined by f{x) = fi{x) if x € Ki and f{x) = f2{x) if x £ K2 belongs to 
£{^^}{KiUK2). 

Hi. If Ki n K2 7^ then there exist ^3, ^4 > such that 

'M{A3dist{x,Ki r\K2) < AjvI{dist{x,K2)), 

for every x S Ki. Here, M denotes the function given by M(0) = and M{t) = 
inf„gp^t"M„ for t > 0. dist{x,K) stands for the distance from x to set K. 

Corollary 2 Lemma 4-3.6] Given Ki,K2 nonempty compact sets in C*, if we put Ki : = 

{(€i)£2) € : ei + ie2 G Kiq~^ U {0}}, i = 1,2, then the previous theorem holds for Ki and 
K2. 

As the authors remark in [18], condition Hi) in the previous result is known as transversality 
condition which is more constricting than Lojasiewicz's condition (see [15j). 

Next proposition is devoted to show that the cocycle constructed in Proposition [5] splits in 
the space of wq — C°° functions in the sense of Whitney. Whitney-type extension results on 
£{wo}{K) (Theorem S] and Theorem [5]) will play an important role in the following step. 

Proposition 6 Let {Ujq~^)j^x be a good covering and let {gi,i'{e))(ij')^x^ be the q—Gevrey 
M-j-^p-cocycle of type A constructed in Proposition\^ We choose a family of compact sets Kf C 
Uj for / G Z, with Int{Kj) ^ 0, in such a way that U/(=i(iC/g~^) is U \ {0}, where U is a 
neighborhood of in C 

Then, for all / G I, there exists a wq — C°° function //(ei,e2) in the sense of Whitney on 
the compact set Aj = {(€1,62) G : ei + ie2 G Kjq~^ U {0}}, with values in the Banach space 
Mj-^p, such that 

(53) gi,i'{ei +ie2) = fv{ei,e2) - //(ei,e2) 

for all 1,1' G Z such that Af n Aj/ 7^ and, for every (ei, £2) G ^4/ n Aj/. 

Proof The proof follows similar arguments as Lemma 3.12 in |18] and it is an adaptation of 
Proposition 5 in [llj under 5— Gevrey settings. 

Let /, /' G I such that Aj D Aji ^ 0. From Lemma [TOl we have the function (€1,62) 
9i,r{^i + ^€2) is a t(Jo — function in the sense of Whitney on Aj n Aji. In the following we 
provide the construction of // for / G Z verifying ()53p . 
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Let us fix any / € X. We consider any wq — C°° function in the sense of Whitney on A^. By 
definition of the good covering {Ujq^^)i(=-x we are under the following cases: 

Case 1: If there is at least one /' G X, / / I', such that Aj n / but Aj n Aj' D Api = 
for every /" G X with I" ^ I' ^ I, then we define eiji{ei,e2) = //(ei,e2) + dij'i^i + ^^2) for 
every (ei, €2) G ^/ n Aj/. ejj' is a tuo — C°° function in the sense of Whitney in Aj n Aji. From 
Theorem U] and Theorem [5l we can extend ejj' to a wq — C°° function in the sense of Whitney 
on Aj'. This extension is called //'. We have 

gi,i'{ei +ie2) = fi'{ei,e2) - //(ei,e2), (£1,62) G Aj nAj/. 

Case 2: There exist two different /', /" G I with I' 7^ I 7^ I" such that Aj n Ap D Api ^ 0. 
We first construct a, wq — function in the sense of Whitney on Aji, fi'{ei,e2): verifying 

(54) 5/,/'(ei+«e2) = //'(ei.e2)-//(ei,e2), (ei, €2) G ^/ n 

We define e/,///(ei, £2) = fiiei,e2)+gij"{ei+ie2) for every (ei,e2) G AjDAih and ei'j»{ei,e2) = 
//'(^i)^2) + 9i'j>'{^i + ^^2) whenever (€1,62) G Aji n Ajn. Prom ([5l|) we have eijii{ei,e2) = 
e7',7"(ei, £2) for every (ei,e2) G ^/ R A// n^/". From this, we can define 



From Theorem [6] and Corollary [2] we deduce e/'/(ei, 62) can be extended to a i^o — C°° function 
in the sense of Whitney in A/", fi" {ei,e2)- It is straightforward to check, from the way //// 
was constructed, that /7"(ei,e2) = fi{^i-,^2) + 9ij»{^i + ^(-2) when (€1,62) G Aj r\ Ai» and also 
//"(«!' ^2) = //'(«!' £2) +gi',l"{ei + if-2) for (ei,e2) G ^7' Rvl///. 

These two cases solve completely the problem due to nonempty intersection of four different 
compacts in {Aj)j^x is not allowed when working with a good covering. The functions in {fi)i^x 
satisfy ([531) • □ 

6 Existence of formal series solutions and g— Gevrey expansions 

In the current section we set the main result in this work. We establish the existence of a 
formal power series with coefficients belonging to EIt-^p which asymptotically represents the 
actual solutions found in Theorem [3] for the problem ()33p +()34 p . Moreover, each actual solution 
turns out to admit this formal power series as q— Gevrey expansion of a certain type in the 
g— spiral where the solution is defined. 

The following lemma will be useful in the following. We only sketch its proof. For more 
details we refer to [17j . 

Lemma 11 Let U be an open and bounded set in M^. We consider h G C°°{U) (in the classical 
sense) verifying bounds as in (4^ ) o-nd for every (ei,e2) G U. Let g be the solution of the 
equation 




ei,i" (ei , €2 ) if (ei , 62 ) G A/ n Aj^ 
ejijff{ei,€2) if (61,62) G Aj, (lAjn. 



(55) 



9f5'(ei,e2) := -{d^^ +ide^)g{ei +^2) = /i(ei,e2), (£1,62) G U. 



Then g also verifies bounds in the nature of and ( f^Pj ) for (ei, 62) G U . 
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Proof Let hi be any extension of the function h to M? with compact support which preserves 
bounds in (05]) and ([M]) in M^. We have 

9{ei,e2) := -- [ ^d^dr,, (£1,62) E C/ 
IT J^2 x-e 

solves ([55]) . Here, e = (ei,e2), x = (^,7?) and d^dry stands for Lebesgue measure in x— plane. 
Bounds in (j48p for the function g come out from 

oei Oe2 -K J^2 oe-^ x — e 

for every a = (ai, 02) G and (ei, €2) € U , and from the fact that the function x = (xi, X2) 1-^ 
l/|x| is Lebesgue integrable in any compact set containing 0. 

On the other hand, g satisfies estimates in (|49p from Taylor formula with integral remainder. 

□ 

We now give a decomposition result of the functions Xi constructed in Theorem [3l The 
procedure is adapted from [llj under Gevrey settings. For every / G Z, we denote Xi{e) : 
Uiq~^ — 7> IHIt-^p the holomorphic function given by Xi{e) := {t,z) 1— )■ Xj{e,t,z). 

Proposition 7 There exists a wq — C°° function u{ei, €2) and a holomorphic function a(ei + «e2) 
defined on the neighborhood of Int{Ui,zxAi) such that 

(56) X/(ei + ie2) = //(ei,e2) + n(ei,e2) + a(ei + ie2), (ei, 62) G /ni(A/), 

for every I ^X. 

Proof From the definition of the cocycle {gi,i')(ij')£X^ '^^ Proposition [S] and from Proposition [U] 
we derive 

Xi{ei + ie2) - //(ei,e2) = Xr(ei +^2) - //'(ei,e2), (£1,62) G Aj D Aj, \ {(0,0)}, 

whenever (/, /') G and Af n Aji 7^ 0. The function X — f given by 

(X-/)(ei,e2) :=Xj{ei+ie2)- fi{ei,e2), (ei, £2) G A/ \ {(0, 0)} 

is well defined onW\ {(0,0)}, where W = U/gi^/ is a closed neighborhood of (0,0). 

For every / G X, Xj is a holomorphic function on Ujq~^ so that Cauchy-Riemann equations 
hold: 

de{Xj){ei + ie2) = 0, (ei, es) G Ai \ {(0, 0)}. 

This yields d^{X — /)(ei,e2) = — 9f//(ei,e2) for every I eX and (£1,62) G Int(^7). 

We have —defi{ei, €2) can be extended to a wq — function in the sense of Whitney on Aj. 
This yields // is wq — C°° in the sense of Whitney on Aj. In fact, their g— Gevrey type coincide. 

From this, we deduce that di{X — /) is a wq — C°° function in the sense of Whitney on Aj for 
every / G I and also that difi{ei, 62) = 5r//'(ei, €2) for every (ei, £2) G Int(A/ n Ap) and every 
1,1' £ X due to gij'{e) is a holomorphic function on Uiq~^ n Ujiq^^. The previous equality is 
also true for (ei, €2) G A/ n Aj/ from the fact that // is wq — in the sense of Whitney on Aj. 

From Theorem [6] and Corollary [2] we derive de{X — f) is a wq — C°° function in the sense of 
Whitney on Uj^xAj. 
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Taking into account Lemma [TT] we derive the existence of a C°° function u{ei, €2) in the usual 
sense, defined in Int(Vl^) verifying g— Gevrey bounds of a certain positive type, such that 

dta{ei,e2) = d^{X - /)(ei, £2), (ei, £2) G Int{W). 

From this last expression we have u(ei,e2) — {X — /)(ei,e2) defines a holomorphic function on 
Int(VF)\{(0,0)}. 

For every I £ I, Xj is a bounded El7-^p— function in Int(VF) \ {(0, 0)}, and so it is the function 
u(ei,e2) — {X — /)(ei,e2). The origin turns out to be a removable singularity so the function 
■u(ei,e2) — {X — /)(ei,e2) can be extended to a holomorphic function defined on Int(VF). The 
result follows from here. □ 

We are under conditions to enunciate the main result in the present work. 

Theorem 7 Under the same hypotheses as in Theorem\^ there exists a formal power series 

formal solution of 

S-l 

(57) etd^X{e,qt,z)+d^X{e,t,z) = J^hie, z){tagr°'^d^,X){e,t, zq-'^^'''). 

k=Q 

Moreover, let I G I and Kf any compact subset of Int{Kf). There exists B > such that 
the function Xj{e,t,z) constructed in Theorem\^ admits X{e,t,z) as its q—Gevrey asymptotic 
expansion of type B in Kjq^^. 



Proof Let / G I and Kj any compact subset of Int(i^/). 

From Proposition [7] we can extend Xj{ei + i€2) to a wq — C^ function in the sense of Whitney 
on Ai = {(ei,e2) G : ei + ie2 G Kiq'^ U {0}} C Int(A/) U {(0,0)}. Let us fix / G I. We 
consider the family (^'•'^^''^^-'(ei, e2))(/!,i,/!,2)GN2 associated to Xj by Definition [9l We have 

Xf ^•"^)(ei,62) = d':^^d^^'Xj{e, + ie2) = i'^'d^^+^'Xjie), (61,62) G Aj \ {(0,0)}, 

due to Xj{e) is holomorphic on Int(i^/)g~^. 

We have xj'^^''^^-*(6i, 62) is continuous at (0,0) for every (/ii,/i2) G so we can define for 
every A: > 



(58) 



X 



(hiM) 



kJ 



(0,0) 



ih2 



whenever hi + h2 = k. Estimates held by any wq — C°° function in the sense of Whitney, (see 
Definition [9] for a = (0, 0)) lead us to the existence of positive constants Ci,H,B > such that 



X/(ei + ie2)-^^(ei+^e2 



p=0 



p\ 



m+l 



(?7l+ 1)! 



for every m > and 61 + i62 G Kjq 



Xi{e) = Ek 



^£kj_ k 



As a matter of fact, this shows that Xj admits 



>o k\ 



6 as its g— Gevrey expansion of type S > in Kjq 
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The formal power series Xj does not depend on I £ I. Indeed, from Theorem [3] we have 
that Xj{e) — Xji{e) admits both and Xji — Xj as g— asymptotic expansion on Kiq~^ n Kjiq~^ 
whenever this intersection is not empty. We put X := Xj for any I £ I. The function 
Xfc / = Xkj{t, z) G Ht-^p does not depend on / for every /c > 0. We write X^ := X^ i for k>Q. 
Xj admits X as its q—Gevrey asymptotic expansion of type 5 > in Kjq-^ for all I el. 

In order to achieve the result, it only remains to prove that X{e, t, z) is a formal solution of 
(|57p . Let / > 1. If we derive I times with respect to e in equation ([S7|) we get that d[Xi{€,t, z) 
is a solution of 

(59) €td^d\Xi{e, qt, z) + td^ld[-^ Xi{e, t, z) + d^d\Xi{e, t, z) 

s-i 

k=Qli+l2=l ^' ^' 

for every I > 1, {t, z) e T x D{0, p) and e G Kjq^^. Letting e to in (I59p we obtain 
^^^^ ^"^^ (/-I)! ^"^^ /! /i! 

for every I > 1, (t, z) G T x D(0, p). Holomorphy of bk{e, z) with respect to e at derives 



(61) 6,(6,z) = ^ "-"'--^y^"- 6' 

i>0 



fc 



for e near and for every z G C. Statements ([59|) and ([60|) conclude X{e, t, z) = Ylik>o -^kit, z) ^| 
is a formal solution of (|57|) . □ 
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